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Model

The matching quality is measured by the dot product ⟨ , ⟩



Model

The matched supply unit becomes unavailable for matching later



Model

The process repeats for a total of  time stepsn
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Algorithmic Desiderata 

``simple’’ dynamic matching algorithms with  (vanishing) regreto(1)
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Proof of the Main Result
Fix the supply and demand set, and the demand arrives in uniformly random order. 
Induction Claim. After processing a subset of demand units in random order, the 
remaining supply is a uniformly random subset of the original set, of the appropriate size. 
Base Case. In the first round, ROAR matches the arriving demand to a uniformly chosen 
supply. Removing that supply leaves a uniform subset of  original supply units. 
Induction Step.  
• Consider round , and fix the unordered collection of demands observed so far. 

Whichever demand is current, the other  demands arrived earlier in random order. 
By the induction hypothesis, they leave exactly the same distribution of remaining 
supply: a uniform subset of size .  

• ROAR forms equally sized demand and supply pools. Its demand pool contains the 
current demand and a fresh uniform sample of distinct past demands. This sampling 
preserves the current demand’s uniformity within the selected pool. 

• Principle of Deferred Decision. Because the optimizer does not know which demand 
is current, we may reveal it after computing the matching.  

• Since the supply sample is itself uniform, each remaining supply is equally likely to be 
removed  a uniform deletion from a uniform subset leaves a uniform subset of size 
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Fix the supply and demand set, and the demand arrives in uniformly random order. 
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remaining supply is a uniformly random subset of the original set, of the appropriate size. 
Base Case. In the first round, ROAR matches the arriving demand to a uniformly chosen 
supply. Removing that supply leaves a uniform subset of  original supply units. 
Induction Step.  
• Fix the unordered collection of the first  demands. Whichever demand is current, the 

other  demands leave the same uniform distribution of supply units (by induction 
hypothesis). The remaining supply units therefore provides no information about which 
demand is current. 

• Principle of Deferred Decisions. Compute the matching without using which demand 
is current. Treat the entire matching as a black box, where for the sake of analysis, we 
do not really see who is being matched. 

• Each supply unit is equally likely to be matched. Uniform supply sampling makes the 
removal uniform among all remaining supply. Thus a uniform subset of size  
becomes a uniform subset of size . 
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Proof of the Main Result

Expected reward. A uniformly chosen edge earns the average reward of the optimal 
matching. The selected demand pool is uniform, and the supply pool is uniform even 
after specifying the demand pool, so the two pools are independent. Averaging over 
independent i.i.d. initial populations gives 

 
Averaging over the rounds proves the identity. 

The right conditioning is the key to the proof. We should not condition on the full 
ordered history of demand. Because the remaining set of supply units need not be 
uniform conditional on the full ordered history of demand. 
 
This is not an issue when demand distribution is known because one can always 
simulate fresh demand scenarios and hence the remaining set of supply units are 
uniform. 

𝔼[reward in round t] = Uoff
min{t,n−t+1} .
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Near-optimal performance of ROAR

Let  denote the expected average match quality when matching  demand and supply units 

drawn i.i.d from  and  respectively. Let  be the fluid benchmark value. Then the expected 
expected regret of ROAR is 
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Characterizing the regret of ROAR

Well studied object in empirical optimal transport literature

Demand and Supply 
distributions are smooth

Demand and Supply 
distributions are arbitrary

ROAR

Fundamental Limit

𝒪̃(n−(p/d∧1)) 𝒪̃(n−(p/d∧1/2))

Let the match quality be measured as φ(X, Y ) = −∥X − Y∥p

Ω̃(n−(p/d∧1)) Ω̃(n−(p/d∧1/2))
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